This paper investigates optimal portfolio and wealth strategy of an institutional investor with a Value-at-Risk (VaR) constraint in an economy under jump diffusion. The problem is solved in closed form. We show that overlooking or underestimating the jump risk factor results in failures to satisfy the VaR constraint. We also find that the presence of the jump risk drives the institutional investor to move towards the portfolio insurance strategy, alleviating the problem with VaR identified by Basak and Shapiro (2001) that the VaR risk manager incurs larger losses than non risk manager in worst scenarios. Moreover, put options play an important role in hedging jump risks under the VaR framework.
Introduction
The past few years have witnessed a global financial meltdown, which raised a heated discussion on the massive failures of risk measurement and management in the financial industry.
As realized by academics and practitioners, both ignoring known risk and devising the wrong response to risk can lead to financial mismanagement (see, for example, Stulz (2009) ). This implies that the risk mismanagement in the recent financial crisis is likely to stem from overlooking some major risk factors such as jump risk and using the risk measures in an inappropriate way. On the other hand, as an easily understandable and interpretable measure of risk, VaR has been extensively used by financial as well as nonfinancial firms and become established as the industry and regulatory standard in measuring market risk over the past 15 years.
Despite its wide popularity, VaR has continually come up short, particularly in recent financial crisis. A typical example can be observed in the violent market upheavals of 2007-2008, where many banks reported more than 30 days when losses exceeded VAR, while 3 to 5 such days would be the norm. In particular, one major limitation of VaR is its reliance on normal market distributions; it ignores the empirically observed "skewed" and "fat-tailed" features of stock return distributions. As jumps in stock returns can generate such features, it is of interest to incorporate the jump risk into account the VaR risk management framework and see how it affects the optimal portfolio strategies of institutional investors.
In this paper, we examine the optimal portfolio and wealth strategies for an institutional investor maximizing her utility and facing a Value-at-Risk (VaR) constraint at the investment horizon in a jump-diffusion model. In particular, we study the implications of adding jump risk to the VaR risk management for optimal wealth choice and portfolio policies. To complete the market, the investor is given the access not only to the bond and stock markets but also to the options market to manage the exposure to the diffusive risk factor and jump risk factor.
We also investigate the role of put options in hedging jump risk under the VaR framework.
This article is related to the strand of literature on the dynamic asset allocation problem under risk measure constraints in a variety of settings. Basak and Shapiro (2001) study the institutional investors' portfolio composition and wealth polices subject to a single-VaR constraint and a single Limited-Expected-Losses (LEL) constraint and find that the presence of the VaR constraint induces the agent to take larger equity in worst scenarios and the LEL constraint turns out to remedy this shortcoming. By allowing for dynamically reevaluated VaR limit, Cuoco, He, and Isaenko (2008) find that a VaR limit does not necessarily generate negative impact and actually serves as an appropriate tool in managing risk. Shi and Werker (2012) extend Cuoco, He, and Isaenko (2008) by taking into the interest rate risk and allowing for rebalancing of the portfolio over the regulatory horizon. All of these papers assume that stock prices follow pure diffusion processes. However, many empirical studies have documented evidence of jumps in stock returns; see, for example, Bakshi, Cao, and Chen (1997) and Eraker, Johannes, and Polson (2003) . With jumps, stock market returns display negative skewness and fat left tail. A vast literature has documented that the jump risk has substantial influence on portfolio choice and risk management; see, Duffie, Pan, and Singleton (2000) and Liu, Longstaff, and Pan (2003) , Liu and Pan (2003) , for example. To this end, we extend Basak and Shapiro (2001) by adding jump risk and making stock return distribution positively skewed. To the best of our knowledge, our paper is the first attempt to study the effect of jump risk on the optimal portfolio strategy in the VaR risk management framework. This paper also builds on the literature on options investment and pricing. Liu and Pan (2003) solve the portfolio choice problem with both jump risk and stochastic volatility and find sizable portfolio improvement from derivatives investment. Tan (2009) analyzes the attractiveness of European style call and put options for long horizon investors. Other papers include Zhang, Zhao, and Chang (2012) and Kou (2002) , which mainly focus on market incompleteness and option pricing. In addition to theoretical studies, a variety of empirical works estimate the jump risk premium embedded in the options (see, for example, Bates (2000) and Pan (2002) ). In principle, most papers focus on the premium delivered by options and emphasize their speculative role, although it is well known that put options are capable of hedging downside risk. Surprisingly, the academic literature has largely overlooked the hedging role of options. As an exception, Ahn, Boudoukh, Richardson, and Whitelaw (1999) analyzes how useful the options are in minimizing the firms' VaR. They assume a standard Black Scholes world in which the options are redundant, and focus on how to optimally choose the strike price. In contrast, we intend to examine asset allocation problem by employing options to manage the jump risk in a VaR framework and highlight the hedging role of options.
Our main results are as follows: First, consistent with Basak and Shapiro (2001) , we find that an agent with a VaR limit optimally chooses to insure against intermediate states, while incurring losses in the worst states, the probability under which is exactly the prespecified level α. However, we show that ignoring jump risk leads to failures of risk management, because the institutional investor makes too aggressive investment decisions. The mistakes can be attributed to the fat upper tail of the distribution of pricing kernel generated by the jump risk component; if the agent overlooks jump risk and adopts the wealth policy proposed by Basak and Shapiro (2001) , she fails to satisfy the VaR constraint, because the fat upper tail makes the probability under the uninsured bad states exceed α.
Second, the presence of jump risk induces the VaR agent to maintain higher wealth in the intermediate and worst states and move towards the portfolio insurance strategy, thereby mitigating the problem with VaR identified by Basak and Shapiro (2001) that the VaR agent optimally takes larger exposure to risky assets in unfavorable states and incurs larger losses than the benchmark agent without the VaR constraint. Put differently, the VaR agent invests more conservatively when taking into account jump risk and this effect is more pronounced for higher jump risk premium.
Third, the intuitional investor employs the put option for both purposes of hedging and speculation. Compared with Liu and Pan (2003) , our results substantiate the hedging role from several aspects. First, when the pricing kernel does not have jumps, the investor invests more of her wealth in the option in our VaR framework than in Liu and Pan (2003) , which is demonstrated by both higher option holding and lower stock-option ratio. Second, when jumps become much rare and large, the agent is reluctant to get large exposure to jump risk, even though there is a high risk premium. This observation follows from the fact that the agent needs to prepare for those worst scenarios to satisfy the VaR constraint. Finally, in general, our stock-option ratio is lower than that of Liu and Pan (2003) , indicating stronger hedging demand for options. This distinction can be explained by the effect of the VaR constraint; with the VaR constraint, the agent has to care more about jump risk and therefore holds more put options.
The contributions of this paper are twofold. First, we extend the pure diffusion model of Basak and Shapiro (2001) to a jump-diffusion model and investigate the impact of the jump risk on the risk management strategy under the VaR framework. Our results may shed some light on the cause of risk management failures in the recent financial crisis. A rational explanation offered by our model is that if the VaR risk managers rely on normal market conditions and ignore jump risk, they underestimate the probability of their portfolio falling below the lower threshold and invest too aggressively. As a consequence, huge losses may arise when the economic conditions deteriorate and stock price jumps are realized. Second, we find higher allocation to put options when investors are confronted with the VaR constraint, which is likely to be driven by stronger hedging demand. A challenging puzzle regarding index puts is where is the source of demand; Driessen and Maenhout (2007) document that long positions seem anomalously suboptimal in the portfolio choice problem. The finding that the higher put option demand is associated with stronger portfolio insurance purposes under the VaR constraint sheds some light on this puzzle.
The rest of the paper is organized as follows. Section 2 describes the model. Section 3 investigates the optimal wealth and portfolio strategy under the VaR constraint. Section 4 concludes the paper.
The Model
We consider a complete financial market with a finite horizon [0, T ]. In this market, three securities are available: a riskless bond paying a constant interest rate r, a risky stock representing the aggregate equity market and an option based on the stock. Denote by B, S, O the price processes of the bond, the stock and the option. The dynamics for the price processes of the bond and the stock are assumed as follows:
where Z is a standard Brownian motion and N is a pure-jump process. They are assumed to be independent of each other. σ is the equity market volatility. µ and λ are the jump size and jump arrival intensity associated with the pure-jump process N . Following Liu and
Pan (2003), we assume constant jump amplitudes, which imply that conditional on a jump arrival, the stock return jumps by a constant −1 < µ < 0, with the limiting case of −1 capturing total loss. This specification of deterministic jump sizes simplifies the analysis, as only one extra derivative security is needed to complete the market with respect to the jump risk component. Although stochastic volatility and jump in volatility are common in the literature on options (see, for example, Liu and Pan (2003) and Branger, Schlag, and Schneider (2008)), we do not incorporate these elements in our model, because our focus is not on the empirical properties of options but rather on the the role of options in a VaR risk management framework. A noteworthy feature of (2) is that the stock return is no longer normally distributed, because the presence of negative jump risk produces positive skewness.
Therefore, the inclusion of jump component allows us to relax the assumption of normal market condition, the reliance on which is regarded as one major limitation of the VaR risk management framework, and generate large tail risk, which is consistent with the empirically observed stock return distribution. Finally, η and λ Q capture the two components of the equity premium: one is for diffusive risk Z and the other for jump risk N .
In order to price the option, we first specify the pricing kernel of the economy. The complete market assumption implies, there exits a unique pricing kernel ξ, whose dynamics is,
with ξ 0 = 1 and η and (1 − λ Q /λ) are the market price of diffusive risk and that of jump risk, respectively. As we focus on negative jumps µ < 0, the market price of jump risk must be negative, which mandates λ Q > λ. As become clear later, the introduction of jump risk also makes the distribution of the pricing kernel more positively skewed, which, has substantial impact on the risk management and measurement. It is important to note that the jump risk premium determines the jump amplitude of ξ t . When there is no jump risk premium (λ Q = λ), the third term in (3) drops out and (3) reduces to the pricing kernel in the absence of jump risk.
Consistent with this pricing kernel is the following option price dynamics:
where O S and ∆O are given by,
Specifically, O S measures the sensitivity of the option price to the infinitesimal changes in the underlying stock price and ∆O measures the sensitivity to the large changes in the stock price. Note that complete market assumption ensures that both O S and ∆O can be analytically determined. To complete the market with respect to jump risk, the option price must have different sensitivities to infinitesimal and large changes in stock prices:
The self-financing condition implies that the wealth process evolves as,
where π 
( 7) and (8) imply that investing x S of the wealth in the stock and x O in the derivative security amounts to investing π Z t in the diffusive risk factor Z and π N t in the jump risk factor N . It is worth emphasizing that the maturity of the option does not have to match the investment horizon, as rebalancing of the portfolio is allowed at each point in time in the future.
Optimization under the VaR constraint 3.1 Optimal Portfolio Wealth
We consider an institutional investor, who is initially endowed with wealth of W 0 and is concerned with maximizing the expected utility over the terminal wealth. We assume that the institutional investor has CRRA preferences with relative risk aversion of γ and a fixed investment horizon of T .
The institutional investor is subject to a constraint of a VaR type at the horizon imposed by the regulator, which can be formulated as
where the "floor" W and the loss probability α are exogenously specified. The VaR constraint requires that the probability that the institutional investor's wealth at the horizon falls below the floor wealth W be α or less. Following Basak and Shapiro (2001) , We also consider two alternative cases: one is the benchmark case (B), in which the VaR constraint is never binding and the other one is the portfolio insurance case (PI), in which the horizon wealth is constrained to be above the floor W in all states. Note that (9) nests both the B-case and the PI-case, which correspond to α = 1 and α = 0, respectively. Therefore, the VaR-case can be thought of as an intermediate case between the two extreme cases, the B-case and the PI-case.
The portfolio optimization problem of the VaR agent can be formulated as follows,
Following Basak and Shapiro (2001), we solve this problem using the martingale representation approach. Proposition 1 characterizes the optimal terminal wealth under the VaR constraint.
Proposition 1. The time-T optimal wealth of the VaR agent is
where (2001) solution except for the specific CRRA utility function. This follows from the fact that optimal wealth policy under the VaR constraint is fully characterized in terms of the pricing kernel, while jump risk affects the optimal terminal wealth strategy solely through its impact the distribution of the pricing kernel. The distinction between the optimal wealth policies in the two cases will be made clear later. Basak and Shapiro (2001) show that the VaR agent's optimal terminal wealth in (13) can be decomposed as
where W * is set so that y B (W * ) = y(W 0 ). Put differently, W V aR is equivalent to a PI solution plus a short position in "binary" options, or a B solution plus an appropriate position in "corridor" options.
[ effect is more pronounced for higher jump risk premium, which implies larger jump size. The detrimental consequence of these variations is that the probability beyond the upper bound of the statesξ V aR implied by Basak and Shapiro (2001) exceeds the pre-specified loss probability α, thereby leading to violation of the VaR constraints. This observation is more clearly confirmed by the right panel, which plots the upper tails of the distribution of ξ T in different cases.
In other words, if an institutional investor follows the terminal wealth distribution proposed by Basak and Shapiro (2001) in a market with positive jump risk premium, she will mistakenly choose a larger region as bad states than what is implied by the distribution of ξ T and make too aggressive investment decisions. Therefore, overlooking jump risk could be a cause of failure to satisfy the VaR constraints in the recent financial crisis for many institutional investors.
[Insert Table 1 about here] Table 1 Table 1 , we denote the probability that the terminal wealth is under portfolio insurance for the VaR agent by P r V aR and that for the PI agent by P r P I . It is revealed that in general, both P r V aR and P r P I decrease with the jump risk premium, indicating lower costs of meeting the VaR constraints. This can be explained by the fact that although ξ V aR shifts to the left, the distribution of ξ T becomes more positively skewed with the jump risk premium, rendering the probability under portfolio insurance to shrink. In addition, while the Lagrange multiplier in the B case keeps constant, the Lagrange multiplier in both the VaR case and the PI case increases with the jump risk premium, implying that the introduction of jump risk premium induces both the VaR and the PI agents to deviate more from the benchmark case.
[Insert Table 2 about here]
To quantify the economic significance of jump risk under the VaR framework, we compute the certainty equivalent wealth in a variety of cases. The initial wealth is assumed to be one and the investment horizon is one year. Inspection of the results in Table 2 establishes that the certainty equivalent wealth in the absence of jump risk is lower than that in the presence jump risk and it increases with jump risk premium (λ Q /λ). This is consistent with the previous observation that jump risk makes the VaR constraint stronger and more difficult to meet and therefore results in higher utility losses. On the other hand, the certainty equivalent wealth decreases with risk aversion, implying that the utility losses associated with the VaR constraint are higher for less risk-averse investors.
Trading Strategies
Proposition 2 characterizes the optimal wealth and portfolio strategies before the horizon under the VaR constraint.
Proposition 2. The time-t optimal wealth is given by
where τ = T − t, y is given in Proposition 1, N (·) is the standard-normal cumulative distribution function and
Note that all of the expectations in (16) are taken with respect to (N T − N t ).
The exposure of the optimal portfolio to the risk factors Z and N is given by,
In the benchmark case, the exposure of the optimal portfolio to the risk factor Z is,
Transforming the π's to the optimal portfolio weights on the stock x S t and the option
we have
Consistent with Basak and Shapiro (2001) , (16) reveals that the optimal time-t wealth consists of three components: a myopic component that maximizes Sharpe ratio and represents the optimal wealth of the B agent and two option components that correspond to the positions in the short put and the long put options, respectively. However, in contrast to Basak and Shapiro (2001) , the option prices in the presence of jump risk do not immediately follow from the Black-Scholes option pricing formula, but rather are computed as the expectation of the Black-Scholes option prices conditional on jumps realized with respect to the jump risk factor.
(21) and (22) present the optimal portfolio weights on the stock x S t and the option x O t . Consistent with Liu and Pan (2003) , the optimal weight on the option x O t is inversely proportional to its ability to disentangle the two exposure, which is characterized by the difference between the loading on diffusive risk and that on jump risk
; the larger the difference is, the more effective the option is in separating the two risk factors, the less it is needed, holding other things constant. An extreme case is that if the price of an option has equal sensitivities to both infinitesimal and large changes in the price of the underlying stock, that is, g S = ∆g µSt , then it is incapable of providing separate exposures to both the diffusive and jump risks and therefore becomes redundant.
The second term in (22) shows the demand for the option is ultimately determined by the risk-and-return tradeoff. Irrespective of whether the option is able to disentangle the two risk factors, the investor is unwilling to hold it, if the two risk factors are equally attractive, which implies, λ
( 22) indicates that under such a constraint, the optimal weight on the option x O t is zero. The intuition is that, when the agent finds two risk factors equally attractive, her willingness to disentangle them diminishes, leading to a zero option holding as well. However, empirical evidence indicates that the coefficient λ Q λ is much higher than 1 − µη σ (see, for example Pan (2002)). This implies that the demand for the option is nonzero, because it helps the investor to have more jump risk premium.
In addition to looking at stock holding and option holding separately, it is also tempting to examine the stock-option ratio, which is given by,
The stock-option ratio reflects the composition of the portfolio and serves to capture the hedg- reveals that the effect of increasing jump risk premium is similar to that of decreasing α in the benchmark case; both make the deviation from the benchmark spread to a larger region of ξ t . The intuition is that both tighter constraint (lower α) and riskier environment (higher λ Q /λ) drive the VaR agent to invest more conservatively in that she has to fully insure against a larger intermediate region. Therefore, larger jump amplitude of ξ t induces the VaR agent to adjust her asset allocation towards the PI case, making the properties of VaR more desirable from risk management point of view.
[Insert Table 3 about here.]
To quantitatively study the optimal portfolio strategies under the VaR constraint in a jumpdiffusion model, we carry out some numerical experiments. For the purpose of comparison, we use the same setting as in Liu and Pan (2003) . The risk-free rate is fixed at r = 0.05, and the diffusive risk premium and the market volatility are set equal to 0.08 and 0.15 respectively.
Here we consider three different jump cases: µ = −10% jumps once every 10 years, µ = −25% jumps once every 50 years and µ = −50% jumps once every 200 years. We investigate the cross-sectional variation of optimal stock and option strategies with respect to both jumprisk premium and option characteristics, including moneyness and time to expiration. As mentioned before, the out-of-the-money (OTM) put options are effective in distinguishing two risk factors. Put differently, the difference between the loading on diffusive risk and that on jump risk
is larger for deep OTM put options. Thus we incorporate one at-the-money (ATM) option and two OTM options into our analysis to explore such effect. Table 3 reports the optimal portfolio strategies under the VaR constraint with a one-month put option. If jump risk is not being compensated (
, the agent simply uses the stock to obtain the optimal exposure to diffusive risk. As the stock is suffering from negative jumps, the investor has to hold some put options to hedge such risk (see the second term in (21) for the delta hedging role played by the options). Therefore, in the absence of the jump risk premium, the option position only depends on its ability in disentangling two risk factors and no negative position would be taken since bearing jump risk is not rewarded. (see the first term in the second bracket in (22)). With the VaR constraint, however, one takes larger equity position as compared to Liu and Pan (2003) and correspondingly the option holding is increased to hedge the jump risk.
In the presence of positive jump risk premium, the agent switches to shorting options as the jump risk premium becomes sufficiently large, which is consistent with a variety of empirical evidence such as Driessen and Maenhout (2007) . This is because jump risk becomes more attractive than diffusive risk. However, she keeps holding short position in option until jumps become much rarer and larger. The observation that when jumps become much rarer and larger, the agent is reluctant to get large exposure to jump risk, even though there is a high risk premium, is a direct consequence of the fact that the agent needs to prepare for those worst scenarios to satisfy the VaR constraint. Moreover, cross-sectional analysis of a variety of option features reveals that the option holding in absolute value decreases with moneyness, as deeper OTM put options are more effective in disentangling the exposure to two risk factors.
To further explore the hedging demand for put options in the VaR framework, we also study the stock-option ratio, which is illustrated in Panel B. Comparison with Liu and Pan (2003) reveals that the institutional investor puts more wealth in options when they are confronted with the VaR constraint, which is likely to be driven by higher hedging demand.
Conclusion
This paper studies optimal portfolio and wealth policies of an institutional investor with the To the best of our knowledge, this paper is the first to consider the jump risk in a VaR risk management framework. Although the jump risk has been extensively studies in the literature, the analysis of its effect on the risk management is largely missing. This is exactly where this paper comes in. In addition, we also explore the hedging role of options and provide some insights into the option trading strategies from a risk management point of view.
As the precision of parameter values has substantial influence on the success of the VaR risk management, taking into account model uncertainty in the VaR framework is an interesting extension to this paper.
A Proof of Proposition 1
As we completely follow Basak and Shapiro (2001) in deriving Proposition 1, one can see the Proof of Proposition 1 in the Appendix of Basak and Shapiro (2001) for reference.
B Proof of Proposition 2
With complete market assumption, Itô's lemma implies that ξ t W t is a martingale:
We compute each term in (25) separately,
where the conditioning σ-algebra σ(N T − N t ) is the one generated by the random variable
To avoid confusion with the volatility parameter σ, we simply write it as
in what follows.
It is easy to see ln ξ T follows normal distribution conditional on both F t and (N T − N t ),
Let A = ln ξ t − (r + 1 2 η 2 )τ − Ψ(N t ). Then, (27) implies
Substituting (28) into (25) yields,
where the approximation follows from the second order Taylor approximation. One can easily calculate the remaining two terms in (25) in a similar fashion,
Summing up (29), (30), (31), we obtain (16).
Applying Itô's lemma to (16), we can easily get (17) and (18). The table reports the classification of the state of the world for optimal horizon wealth under the VaR constraint. P r V aR is the probability that the VaR agent's terminal wealth is under portfolio insurance. P r P I is the probability that the PI agent's terminal wealth is under portfolio insurance. The parameter values are: ξ 0 = 1, r = 0.05, η = 0.4, T = 1. The table reports the certainty equivalent wealth under the VaR constraint. The initial wealth is assumed to be one. Other parameter values are: ξ 0 = 1, r = 0.05, η = 0.4, T = 1. This table reports the optimal portfolio strategies under the VaR constraint in a jump-diffusion model. The options used are one-month European options with different moneyness. OTM denotes out-of-the-money options, and ATM denotes at-the-money options. Panel A shows the stock and option strategies and Panel B reports the stock-option ratio. Figure 2: Distribution of the pricing kernel at horizon. The left plots the distribution of the pricing kernel at horizon for different jump parameters, while the right panel plots the upper tail of the distribution. In both panels, the black solid line is for λ Q /λ = 1, the blue dashed line is for λ Q /λ = 1.5 and the red dashed line is for λ Q /λ = 2. The red solid line is forξ in the Basak and Shapiro case. λ is fixed at 1, while λ Q varies in different cases. Other parameter values are: ξ 0 = 1, r = 0.05, η = 0.4, T = 1. Figure 3: Optimal time-t wealth of different types of agents. The figure plots the optimal time-t wealth of the VaR agent, the benchmark agent and the portfolio insurance agent. The black solid line is for λ Q /λ = 1, the blue dashed line is for λ Q /λ = 1.5 and the red dashed line is for λ Q /λ = 2. The solid line is for the benchmark case and the dotted line is for the portfolio insurance case. λ is fixed at 1, while λ Q varies in different cases. Other parameter values are: ξ 0 = 1, r = 0.05, η = 0.4, σ S = 18, T = 1, t = 0.5, γ = 1, α = 0.01, W 0 = 1, W = 0.9. The left panel plots the optimal time-t equity exposure of the VaR agent, the benchmark agent and the portfolio insurance agent relative to the benchmark case. The right panel plots the optimal pre-horizon risk exposure of the VaR agent in the Basak and Shapiro case for different α for comparison purpose. In the left panel, the solid line is for λ Q /λ = 1, the blue dashed line is for λ Q /λ = 1.5 and the red dashed line is for λ Q /λ = 2. λ is fixed at 1, while λ Q varies in different cases. The black dashed line is for the benchmark case and the dotted line is for the portfolio insurance case. In the right panel, the solid line is for α = 0.01, the blue dashed line is for α = 0.001 and the red dashed line is for α = 0.1. Other parameter values are: ξ 0 = 1, r = 0.05, η = 0.4, σ S = 18, T = 1, t = 0.5, γ = 1, α = 0.01, W 0 = 1, W = 0.9.
